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Abstract. Carlitz has introduced an interesting ^-analogue of Frobenius-Euler num- 
bers in [4]. He has indicated a corresponding Stadudt-Clausen theorem and also some 
interesting congruence properties of the q-Euler numbers. In this paper we give another 
construction of q-Euler numbers, which are different than his g-Euler numbers. By using 
our q-Euler numbers, we define the q-analogue of Genocchi numbers and investigate the 
relations between g-Euler numbers and g-analogs of Genocchi numbers. 



1. Introduction 

Throughout this paper, we consider a complex number q e C with \q\ < 1 as an 

l-q 



1 n 

indeterminate. The g-analogue of n is defined by [n] q = ^ g . The ordinary Euler 
numbers are defined by the generating function as follows: 



x 4-n 



(1) F(t) = = e Et = J2 E n~, 1*1 < 7T, 

n=0 

where we use the technique method notation by replacing E m by E m (m > 0), sym- 
bolically, cf. [2, 6]. 

From Eq.(l), we can derive the Genocchi numbers as follows: 

(2) G(t)= =£ Gn _ \t\<n. 

n=0 
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X m ~ k 



It satisfies Gi = 1, G 3 = G 5 = G 7 = ■ ■ ■ = 0, and even coefficients are given G m = 
2(l-2 2m )B 2m = 2mE 2m -i, where B m are the m-th ordinary Bernoulli numbers, cf.[6]. 
It follows from (2) and Stadudt-Clasusen theorem that Genocchi numbers are integers. 
For x G R(=the field of real numbers) the Euler polynomials are defined by 

O 00 j-n 

(3) F{x,t) = F{t)e* t =-—e* t = Y,E n {x)- v (1*1 < 

n=0 

From (3), we can also derive the definition of Genocchi polynomials as follows: 

(4) e *< = (| t | <7r ). 

n=0 

The following formulae ((5)-(6)) are well known in [6]. 

k=0 v 7 

For n,m> 1, and n odd, we have 

ra-l ✓ v 

(6) (n™-n)G m = £ ( ™)n k G k Z m - k (n - 1), 

fc=i ^ ' 

where Z m (n) = i m _2 m + 3 m — • • • + (— l) n+1 n m . In this paper we give the (/-analogs of 
the above Eq.(5) and Eq.(6). The purpose of this paper is to give another construction 
of (/-Euler numbers, which are different than a (/-Eulerian numbers of Carlitz. From the 
definition of our (/-Euler numbers, we derive the (/-analogs of Genocchi numbers and 
investigate the properties of (/-Genocchi numbers which are related to (/-Euler numbers. 

2. (/-Euler Numbers and polynomials 

Let q be a complex number with q < 1. In [3, 4] Carlitz constructed (/-analogue 
of Eulerian numbers. We now consider another construction of a g-Eulerian num- 
bers, which are different than his (/-Eulerian numbers. First we consider the following 
generating functions: 

(7) Ffl ( t ) = [2 ],e^^ I Lj_^_j ^ = e^ = J2E 

j=0 H v n=0 
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and 

(8) F,(*. t) = [2],e^ £) (^Y J = ««.(.)« = ± E „, W £, 

j=0 H v ' n=0 

where we use the technique method notation by replacing i?™ by E^g, symbolically. 
Thus we have 

[2], " fn\ 

~ n - 2^ 



(8-1) U0 

V ) "(i-?)^Wi + ? l+l9 ' 



where (?) is binomial coefficient. 

By (8-1), we easily see that \im q ^i E n q = E n and \\m q ^iE nq (x) = E n (x). From 
Eq.(8), we can derive the below Eq.(9): 



OO CXD 



(9) F q (x,t) = [2] q J2(-^ n Q n e [n+x] ^ = £ ^. 



n=0 n=0 



By (9), we easily see that 
(10) 



En, q (x) = ^lm}^(-l) a q a E n , qm (^) = £ (?) [a^V* E k , q , for m odd. 

Ml™ a=0 m k=^ J 

This is equivalent to 

m— 1 

(11) [2] r £ n , 9 (xm) = [2],[m]J ^ (-l)V£n,«™( — + a), for m odd. 



m 

a=0 



If we put x = in Eq.(ll), then we have 
(12) ~ 

[mUE n , q - h ^^ + ^" 9 v = E (?) Hi^,«- f>i)v (/+1) [<-' 

[71 -t- V 1 / „_■, 



1 I 7TT. 

where [m]_ g = ~[_^ q for m odd. 

Define the operation * on f n (q) as follows: 



(13) (1 - [m]») * /„(</) = [m]_ J n ( 9 ) - H r rl , \i 9 f n (q m )- 

By (12) and (13), we obtain the following: 



]n [ m(n+ l) ]_ g 
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Proposition 1. For m,nGN and m odd, we have 



n—l / \ m— 1 

(1 - [m]g) *£»,« = £(?) Hi^™ E ("W^K"' 

*=0 W o=l 



For any positive integer n, it is easy to see that 

oo oo n—l 

(14) -[2], J2(-l) l+n Q l+n e [l+n]qt + [% £(-l)Ve [I] «* = [2]<? £(-l)Ve [,] «'. 

1=0 1=0 1=0 

From (9) and (14) we can derive the below: 

n—l _. 

D-^VI*]? = T^T ((-l) n+1 9 n ^m, fl (n) - E m , g ) . 
1=0 W« 

Therefore we obtain the following: 
Proposition 2. For n, m E N, we have 

n—l 

£(-l)V[lff = T^T ((-l) B+1 9 n ^m,,(n) - Em, fl ) • 



In the recent many authors have studies the sums of powers of consecutive integers, 
cf.[l, 5, 7, 10, 11]. The above Proposition 2 is the another g-analogue of the sums of 
powers of consecutive integers. The Genocchi numbers G n are defined by the generating 
function: 

o+ +n 

G(t) = -g- = e Gt = Y,Gn-, (\t\<*), 
e l + 1 ^— i nl 

n=0 

where we use the technique method notation by replacing G m by G m (to > 0), sym- 
bolically. It satisfies G\ = 1, G% = G$ = G-j = ■ ■ ■ = and even coefficients are given 
G m = 2(1 — 2 2m )i?2m = 2mi?2m-i, cf.[6]. We now derive the g-extension of the above 
Genocchi numbers from the definition of our g-Euler numbers. 
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3. g-GENOccHi Numbers and polynomials 

By the meaning of (1) and (2), let us define the g-extension of Genocchi numbers as 
follows: 

oo oo 

G q (t) = [2} q tJ2(-l) n q n e [n]qt = Y. G ^~v (1*1 < *) ■ 

n=0 n=0 

Note that lim^i G q (t) = = E^o^S- Hence ? G n , q = G n . In [8], the 

g-Bernoulli numbers are defined by 

oo oo , n 

(15) -tH^^ = H B ^-v d^ 2 ^)- 

n=0 n=0 

It was known that lim g _>i B n ^ q = B n , cf.[8, 9]. By (15), we easily see that 

oo oo oo 

(16) -[2] q t V ne[n]qt + 2[2]«* <l 2n e [2n]qt = [2} q t^2{-l) n q n e^ t . 

n=0 n=0 n=0 

From (15) and (16), we can derive the below Eq.(17): 

(17) G n>q = [2] q B njq - 2[2]^5 n>g2 . 

Let us consider the g-analogue of Genocchi polynomials as follows: 

oo oo n 

(18) G q (x,t) = [2] g t^(-l)^e^^ = Y, G ^)-v 

n=0 n=0 

By (18), we easily see that 

(19) G,(x,t) = [2} q f'e^ g (jl-)' £. 
Thus, we have 



(i+l)£C 
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From (8) and (19), we can derive the below equality: 

F q (x,t) = [2} q J2(-^ n Q n e [n+x ^ = ^-[^^^(-l)"^!^* 
(20) n= ^ I n= ° 

- p [x],t V n nx G n+l,q t n V- / V- fn\ r ]n -k nx ^n+hq \ ^_ 

" 6 ^ n + l nl~ ^\^{k [Xl i Q n + 1 n\ 

n=0 n=0 \k=0 V 7 / 

By (20), we easily see that 

(2D B „., (x) = ^H Hr v"|^. 

k=o ^ 7 

Remark. The Eq.(21) is the (/-analogue of Eq.(5). 
Therefore we obtain the following theorem: 

Theorem 3. For any positive integer n, we have 

M+i)x 



I — n V / ' 



k=0 

(c) G n ,g = [2}qBn,q ~ 2[ 2 ]q B n , q 2 , 

where B n>q are the q-Bernoulli numbers which are defined in [8]. 
By (18), we easily see that 

(22 L 

= E f Ir^r 1 E(-l)V + ^ n ^(^)) for TO odd . 

n=0 n=0 \ ^ J 17 a=0 / 

Thus we obtain the following: 

Theorem 4. Let m e N and m odd. T/ien we see £/ia£ 

^ ■' g a=0 fc=0 ^ ' 
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This is equivalent to 



r-, m-1 

(23) G n , q (mx) = t^H"" 1 £(-l)V +BW G», fl "(* + £). 

[2j qm a=Q m 



If we take x = in Eq.(23), then we easily see that 
(24) 

ri — l / \ m — 1 

in— fc 



rr,i Ti — i /■ m — i 

[2]^H g G n , q -[2],H^ n ,^^p^ = [2]^ " [m] 9 V £(-l)V ( * +1) [a 

^ fc=0 ^ ' a=0 

From the definition of the operation * in the previous section, we note that 
(25) ([m] g - H») * f n (q) = [2] qm [m] q f n (q) - [2] q [m] n q [ ^ m( " +1) / B (<T). 
By (24) and (25), we easily see that 

n— 1 /• \ m—1 

(h« - to *G n , q = [%Y.\ln< G ^ £(-i)v ( * +1) [<- fc - 



fc=0 v 7 a=0 
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